THERE IS NO SET OF ALL TRUTHS
By PATRICK GRIM

N important philosophical consequence of Cantor’s work has
Aapparently been overlooked. There can be no set of all truths.

The proof is as follows. _
Suppose that there 15 a set of all truths 7
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Now to each clement ol this power set will correspond a truth.
To each element ol the power set, for example, T either will or
will not belong as a membier. In cither case we will have a truth:
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There is of course nothing special abont T here — we could have
used any particular truth in its place. There are also myriad other
ways of constructing a distinct truth for cach clement of the power
set 7.

To each element of the power set will correspond a distinct
truth, and thus there will be at lcast as muny (ruths as there are
elements of the power set 7. But by Cantor’s power set theorem
the power set of any set will be larger than the original.! There will
then be more truths than there are members of 7. Some truths
must be left out, and thus Z cannot, as assumed, be a set of all
truths.

II

Let me mention just one application of the argument above,
against a common approach to possible worlds.

Possible worlds are often introduced as maximal consistent sets
of propositions — proposition-saturated sets to which no further
proposition can be added without precipitating inconsistency — or
as some sort of fleshed-out correlates to such sets.? The actual

'See tor example iving M. Copl, Symbolic Logic, fifth edition (New York: Macmillan,
1979), pp. 189 90

fSee Lor exwnple Bobat Manhew Adams, “Theovies of Actuality’, Nois, 17 (1974),
200 31, and Alvio Fhaviopa™ Gecatment ot worlds i tenns ol books in Gad | Freedom,
and Fod (Goand Wapade, Muohop o Weno B Fevdimans, TOROY, pp. 30 A4, and The Nalure
af Necessty (Oxtond Clwondon Fooe  1974) pp 44 09
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world, on such an account, is the maximal consistent set of proposi-
tions all members of which actually obtain — a maximal and con-
sistent set of all fruths — or is an appropriately fleshed-out corrclate
to such a set.

By the argument above, however, there can be no set of all
truths. Any set of true propositions will leave some true proposition
out, and thus there can be no maximal set of truths. Given this
notion of possible worlds, then, there can be no actual world.?

111

The general argument above, of course, applies explicitly only
against a set of all truths. It quite clearly relies, moreover, on
a crucial assumption of bivalence regarding set membership.

We might then hope to dispel the air of paradox and to save
a category of all truths by recourse to many-valued set theories or
Lo the non-sct classes of alternative set theories.

Here let me say simply that I am not sanguine about our pro-
spects. Many-valued logics exhibit many-valued forms of the Liar
and of Russell’s paradox,* and my guess is that they will exhibit
many-valued forms of the Cantorian argument above as well
Alternative set thcories scem capable of including a universal class
only at some unacceptable cost, such as crippling mathematical
induction.® My guess is that the same may hold for any attempt to
include even a class of all truths.

It might appear at first glance that there is a conflict betwceen the
Cantorian result above and Lindenbaum’s Lemma, in terms of
which we can construct maximal proof-theoretically consistent sets
for familiar formal systems.® The conflict is merely apparent,
however, since (for one thing) Lindenbaum’s Lemma relies crucially
on the fact that wifs of such systems are explicitly finite. No such
limitation 1s imposed on the truths of 4 in the Cantorian argument.

Lindenbaum’s Lemma can be seen, however, as preserving
a notion of maximal proof-theoretically consistent sets for certain
systems, and possible worlds construed in terms of them, as
important tools for the logician. The possible worlds that the
Cantorian result impugns are those grander entities, corresponding
to sets of all truths, so tempting to the metaphysician.
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